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The study of Weyl points in electronic systems has inspired many recent researches in classical
systems such as photonic and acoustic lattices. Here we show how the Weyl physics can also inspire
the design of novel elastic structures. We construct a single-phase 3D structure, an analogue of the
AA-stacked honeycomb lattice, and predict the existence of Weyl points with opposite topological
charges (±1), elastic Fermi arcs, and the associated gapless topologically protected surface states.
We employ full-scale numerical simulations on the elastic 3D structure, and present a clear visual-
ization of topological surface states that are directional and robust. Such designed lattices can pave
the way for novel vibration control and energy harvesting on structures that are ubiquitous in many
engineering applications.
INTRODUCTION
Phononic crystals and metamaterials have shown new
and exciting ways to control the flow of wave propaga-
tion in the medium [1–4]. Recently, the topology of band
structures has emerged as a new design tool in this con-
text. The essential idea is to characterize the bulk dis-
persion topologically and predict its implications on the
edges/surfaces of the system. A nonzero topological in-
variant of the bulk usually implies the existence of edge
or surface waves with nontrivial properties, such as direc-
tionality and robustness [5–7]. Several interesting strate-
gies to manipulate elastic waves have thus been shown
[8, 9]. However, the studies so far focused mainly on 1D
and 2D systems. It is not clear how a 3D elastic structure
could be designed to support topological surface states.
What special characteristics those surface state would
have and how they could be harnessed in engineering set-
tings are some key questions. In this study, we attempt
to address these questions by taking inspiration from the
Weyl physics.
Weyl semimetals [10–14] have recently attracted sig-
nificant attention for their exotic features. In Weyl
semimetals, the Weyl point refers to the degeneracy point
of two bands having linear dispersion in all directions in
the 3D reciprocal space. The effective Weyl Hamilto-
nian is, in general, given by H(k) = f(k)σ0 + vxkxσx +
vykyσy + vzkzσz, where f(k) is an arbitrary real func-
tion, vi, ki, and σi represent group velocity, momentum,
and Pauli matrix, respectively. Weyl points behave as
the sources or the sinks of the Berry curvature in the re-
ciprocal space. By integrating the Berry flux on a sphere
surrounding a Weyl point, we can get the non-vanishing
topological charge (or Chern number) associated with it
[15]. The Weyl point is robust against small perturba-
tions and cannot be easily gapped unless it is annihilated
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with another Weyl point with the opposite topological
charge [16]. For electronic systems, previous researches
have shown many unusual phenomena associated with
Weyl points, such as robust surface states [10] and chiral
anomaly [17]. Later on, the Weyl physics has shown to
be useful in the classical systems of photonic [16, 18–20]
and acoustic lattices [21–27].
The implementation of the Weyl physics in elastic
structures, however, has been challenging so far. Re-
cently, a self-assembled double gyroid structure that con-
tains Weyl points for both electromagnetic and elastic
waves was proposed [28]. Later, a design consisting of
a thin plate and beams, which carries both Weyl and
double-Weyl points, was also proposed [29]. In spite of
these, the experimental demonstrations of elastic Weyl
points remain elusive to date. Furthermore, there has
not been even a study reporting full-scale numerical sim-
ulations in the elastic setting, by which the Weyl physics
can be directly visualized and appreciated. This is due
to the fact that such structures are extremely intricate
to fabricate. At the same time, it is very demanding to
computationally simulate their full-scale wave dynamics,
because it involves with several types of elastic modes.
In this research, we design a 3D elastic lattice made
entirely of beams, which allow both translational and ro-
tational degrees of freedom along their length directions.
We employ the finite element analysis (FEA) to obtain a
dispersion diagram for the unit cell and discuss its topo-
logical features in relation to the Weyl physics. Inspired
by widely used 3D hollow structures in engineering, e.g.,
fuselage, we construct a full-scale hollow structure and
show the existence of topological surface states in it. We
also elucidate the relation of their directionality with the
elastic Fermi arcs in the reciprocal space. We perform
a transient simulation of the structure to numerically
demonstrate the propagation of nontrivial surface waves.
This study therefore paves the way for future research on
the design and fabrication of Weyl physics-based struc-
tures for engineering applications, such as vibration con-
trol and energy harvesting.
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FIG. 1: [Color online] (a) AA-stacked hexagonal lattice (blue)
with chiral inter-layer hopping (orange). (b) Top (left panel)
and slanted (right) view of the unit cell of the 3D elastic
structure. (c) Illustration of the first Brillouin zone and Weyl
points with opposite topological charges indicated by the yel-
low and purple spheres.
DESIGN OF WEYL STRUCTURE
Previous studies in acoustics demonstrated the exis-
tence of Weyl points in a AA-stacked honeycomb lat-
tice with chiral interlayer hopping [21]. A schematic of
its nearest-neighbor tight-binding model is illustrated in
Fig. 1(a). To make an equivalent mechanical system, we
would need to use masses and springs that are connected
by hinge joints. However, for the more realistic design,
we deviate from spring-mass description and propose a
unit cell made of space beams as shown in Fig. 1(b). We
take beam length L = 20 mm and height P = 10 mm.
All in-plane beams (parallel to xy plane) have square
cross section of width 3.0 mm, while out-of-plane beams
have square cross section of width 0.7 mm to reduce the
inter-layer stiffness. Note that we can still calculate the
effective tight-binding Hamiltonian to analyze topologi-
cal properties of our elastic structure (Appendix A). In
Fig. 1(c), we show the first Brillouin zone with marked
Weyl points at the high symmetric points. These are of
two opposite charges (Appendix A) and will appear in
the simulation results shown in the next section.
To conduct the numerical simulation, we use the com-
mercial FEA software ABAQUS. We model the space
beams using the Timoshenko beam elements. We fol-
low the method used in [30] to apply periodic boundary
conditions and calculate frequency band diagrams. We
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FIG. 2: [Color online] Dispersion diagrams on the reduced
reciprocal kxky plane with fixed (a) kz = 0, (b) kz = pi/(2P ),
and (c) kz = pi/P . The yellow (purple) sphere refers to the
Weyl point located at theK (H) point with topological charge
−1 (+1). The grey area in (b) represents a complete band
gap. (d) Dispersion diagram along the KH line. The red and
black curves are obtained from the two-band Hamiltonian and
the FEA simulations, respectively.
use stainless steel 316L as the structural material with
elastic modulus E = 180 GPa, density ρ = 7900 kg/m3,
and Poisson’s ratio ν = 0.3, which could be used for cur-
rent 3D metal printing [31]. We neglect any material
dissipation. The out-of-plane beams produce an effective
synthetic gauge flux and break the effective time-reversal
symmetry at a fixed kz. Therefore, the system can be
treated as an elastic realization of the topological Hal-
dane model [32].
RESULT
Weyl points in unit-cell dispersion
We show the band structure of the unit cell along the
irreducible Brillouin zone at kz = 0 in Fig. 2(a). We ob-
serve that the 13th and the 14th bands, predominately
with out-of-plane polarization (see Appendix B), are de-
generate at the K point around 6.12 kHz [see the rectan-
gular box and its close-up inset in Fig. 2(a)]. This is a
Weyl point in the system, and it is the same as the yellow
spheres in Fig. 1(c). We calculate the Weyl charge by
fitting the dispersion diagram of a two-band Hamiltonian
around the Weyl point (see the red curves in the inset).
As a result, we obtain the Weyl charge of −1 from this
Weyl point (see Appendix A).
When we plot the dispersion diagram for kz = pi/(2P ),
the degeneracy of the bands is lifted, and there emerges
a band gap between 13th and 14th bands, as shown by
the grey region in Fig. 2(b). We increase kz further
to plot the dispersion curves at kz = pi/P [Fig. 2(c)].
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FIG. 3: [Color online] (a) Schematic of supercells with zigzag (green box) and armchair (red box) type boundaries. (b)-(c) Band
structure with fixed kz = pi/(2P ) for the zigzag and armchair type supercells, respectively. The red and blue curves represent
the topological surface modes at the two opposite ends of the supercell. (d)-(e) Mode shapes of the surface modes at 5.4 kHz
corresponding to the solid and hollow stars in (b) and (c). Color intensity represents the magnitude of total displacements.
We observe that the band gap closes again, and the two
bands establish a degeneracy at 5.34 kHz, but at the H
point of the Brillouin zone instead of the K point. This is
the second Weyl point in the system, and it corresponds
to the purple markers in Fig. 1(c). As shown in the inset,
we again use the two-band Hamiltonian to represent the
dispersion characteristics around this Weyl point and find
that the Weyl point has +1 topological charge.
In Fig. 1(d), we plot the dispersion diagram along
the KH direction to clearly visualize the Weyl degener-
acy at the K and H points and the existence of a band
gap between the 13th and the 14th bands when the kz
value lies somewhere in between. We note that the two-
band Hamiltonian (red curves) captures this evolution of
the bands obtained through the FEA simulations (black
curves) reasonably well. We use this effective Hamitonian
to numerically calculate the Chern numbers of the two
bands above and below the band gap for a fixed kz. For
positive kz, these are −1 and +1 for the upper and the
lower bands, respectively, as marked in Fig. 2(b). This
indicates that the band gap is topologically nontrivial.
Directional surface states in supercell
Based on the bulk-edge correspondence of topology, we
expect topologically protected boundary modes arising at
finite boundaries. To this end, we construct two types of
supercells, consisting of 15 unit cells each, having both
armchair and zigzag types of finite boundaries. Figure
3(a) shows a schematic of how we choose the two types of
the supercells. For the zigzag supercell (see the slanted
green box), we apply periodic boundary conditions in
both x- and z-directions. We use free boundary condi-
tions at the top and bottom ends. We fix kz = pi/2P
and plot dispersion diagram in Fig. 3(b). We observe
two modes inside the band gap, which are localized on
the top (red) and the bottom (blue) ends of the supercell
[see Fig. 3(d)]. Based on their slope we can conclude
that the top (bottom) end mode would have a negative
(positive) group velocity in the x-direction [see the green
arrows in Fig. 3(a)].
Similarly, we study another supercell with the arm-
chair type of boundaries [see the horizontal red box in
Fig. 3(a)]. We show that it supports localized modes
on the left and the right ends [see Figs. 3(c) and 3(e)].
These left and right end modes exhibit negative and pos-
itive group velocities, respectively [see the red arrows in
Fig. 3(a)]. Therefore, it is straightforward to deduce
that a wave packet injected at 5.4 kHz (shown as star) on
the surface of the full-scale lattice, having simultaneous
zigzag and armchair boundaries, would travel counter-
clockwise for kz = pi/(2P ). In the same vein, we expect
to obtain a traveling surface wave in the clockwise direc-
tion for kz = −pi/(2P ).
Elastic Fermi arcs in full-scale model
We now demonstrate the existence of surface states in
a full-scale 3D structure. We choose a hollow structure
for two reasons: (1) such structures are ubiquitous in ap-
plications; and (2) they require a reduced amount of com-
putational time for numerical simulations, compared to
solid ones. Without fixing kz, we first excite our system
at 5.4 kHz in the z-direction. In Figs. 4(a) and 4(b), we
show the z-component of steady-state wave displacement
when the excitation is placed at the centers of positive
xz (denoted as PXZ, see the red star mark in the inset)
and negative yz (NYZ) planes, respectively. As we can
see, the surface states propagate in particular directions
and do not spread all across the whole plane. Especially
in Fig. 4(b), the wave propagates in the y-direction pre-
dominantly reflecting the collimation effect [25].
To investigate further, we perform the fast Fourier
transformation (FFT) on the displacement field in the
two spatial directions and plot the spectrum in Figs. 4(c)
and 4(d). We observe the arc-like pattern of the peak
spectral density (in yellow). These are called “Fermi
arcs”, also seen as the counterpart representation of the
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FIG. 4: [Color online] Surface states and elastic Fermi arcs in
a full-scale 3D hollow structure. (a)-(b) Surface states under
the harmonic excitation at 5.4 kHz on the xz and yz planes,
respectively. The point sources of excitation are placed in
the center of each plane, as shown in the insets. The color
intensity represents the nodal displacement in the z-direction
(uz). (c)-(d) Spatial Fourier transforms of the field distri-
butions of the surface states on the xz and yz planes, re-
spectively. Spectral density shows the elastic Fermi arcs that
connect the projections of the Weyl points with the opposite
topological charges in the reduced 2D Brillouin zone. The
red solid curves represent the simulated elastic Fermi arcs on
the corresponding surfaces through supercell analysis, while
the dashed curves indicate the Fermi arcs on the opposite sur-
faces. The projected bulk bands are shown as the dotted grey
curves.
surface states in the reciprocal space. Since the normal
vector to the Fermi arcs would determine the direction of
the wave’s group velocity, we can deduce from Fig. 4(d)
that the wave will propagate in the ky-direction predom-
inantly given the straight posture of the arc. This thus
confirms the aforementioned collimation effect [Fig. 4(b)]
in the wavevector space.
These Fermi arcs could also be obtained from the equi-
frequency contour (FEC) analysis on the supercell (see
details in Appendix C). To achieve this, we calculate
dispersion characteristics of the supercells, as shown in
Figs. 3(b) and 3(c), for all values of kz inside the first
Brillouin zone. We then extract the wave numbers for
5.4 kHz to obtain the red curves in Figs. 4(c) and 4(d).
Here, solid curves correspond to the the solutions on the
plane of excitation, while the dashed curves represent
those on the opposite surface. Evidently, the red solid
curves closely match the spectral density arcs obtained
from the full-scale simulation. The Fermi arc generally
connects the Weyl points of the opposite charges [23],
but here we see that they connect the two Weyl points
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FIG. 5: [Color online] Robust one-way surface state propagat-
ing in a 3D hollow structure. (a) Star highlights the location
of multi-point phased excitation. The exact locations of ex-
ternal loads are shown in the inset. (b)–(d) The magnitude
of total displacement at time t = 4 ms, t = 6.5 ms, and t = 9
ms, respectively. Inset in (c) shows the top view when the
wave turns at the corner.
(in purple and yellow) roughly but not exactly. This is
because the system supports the two Weyl points at dif-
ferent frequencies [see the frequency offset of the yellow
and purple points in Fig. 2(d)].
Robust one-way propagation
We now proceed to the full-scale, transient numerical
study performed at 5.4 kHz, but for a fixed kz. Figure
5(a) shows the entire structure. We fix all the degrees
of freedom of the nodes on the top and bottom layers.
To ensure the excitation with the desired kz, we apply
four-point excitation in the z-direction on the 10th to the
13th layers on the YZ plane (marked with the red arrows
in Fig. 5(a) inset). We use a Gaussian-modulated sinu-
soidal pulse with the center frequency of 5.4 kHz, and we
fix kz = −pi/(2P ) by increasing the phase of the input
signal by pi/2 from the 10th to the 13th layer. From the
discussions above, we expect that the wave packet would
propagate clockwise when looking from the top (z-axis).
In Figs. 5(b)–5(d), we plot the displacement amplitude
of the system at time t = 4 ms, t = 6.5 ms, and t = 9 ms,
respectively. We observe that the elastic wave remains
on the surface of the structure and only travels upward
in the clockwise direction (viewing from the top) with-
out obvious reflection at the corners (see Fig. 5(c) and
its inset, also Supplementary Movie 1). This, therefore,
demonstrates a robust one-way propagation of surface
elastic wave in our Weyl structure.
5CONCLUSION
We design a 3D mechanical structure – analogous to
the AA-stacked honeycomb lattice – by using slender
beams. We show that this relatively simple design car-
ries Weyl points at the vertices of the Brillouin zone. We
use a two-band Hamiltonian model to describe the dy-
namics around the Weyl points and calculate their topo-
logical charges. We show the finite boundaries of this
structure, both zigzag and armchair types, host local-
ized states at a fixed kz. Using numerical simulations on
a full-scale 3D structure, we show the existence of the
Fermi arcs and compare them with the results obtained
from equi-frequency contour analysis. We highlight two
unique wave phenomena in our structure: (i) collimation
of the propagating elastic waves and (ii) robust one-way
transport of elastic energy around the corners. Our de-
sign could be easily scaled up or down, and can be rele-
vant to applications, such as sensing, energy harvesting,
and vibration control on 3D elastic structures. Studies on
the experimental verification of the elastic surface states
are expected in the authors’ future publications.
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APPENDIX A: TIGHT-BINDING MODEL OF
AA-STACKED GRAPHENE
We consider the tight-binding model of a AA-stacked
graphene with chiral interlayer coupling, as depicted in
Fig. 1(a). The unit cell has an in-plane lattice constant
L and out-of-plane lattice constant P in the z-direction
[see Fig. 1(b)]. Let the intralayer (interlayer) coupling
be tn (tc). Therefore, we write the Bloch Hamiltonian
given by [16, 21, 27]
H(k) =
(
ε+ tcf(kzP ) tnβ
(tnβ)
∗
ε+ tcf(−kzP )
)
,
where ε denotes the on-site potential,
β = e−ikyL + 2eikyL/2 cos
(√
3kxL/2
)
,
and f(kzP ) = 2 cos
(√
3kxL− kzP
)
+
4 cos(3kyL/2) cos
(√
3kxL/2 + kzP
)
. By applying
the k · p method[16], we can expand the Hamiltonian
near the K point [kx = 4
√
3pi/(9L), ky = 0, kz = 0] and
obtain the effective Hamiltonian
H(∆k) =(ε− 3tc)σ0 − 3
2
Ltn(∆kxσx −∆kyσy)
− 3
√
3Ltc∆kzσz,
where ∆k = (∆kx,∆ky,∆kz) is a small k-vector deviat-
ing from the K point, σ0 is the 2 × 2 unit matrix, and
σx, σy, σz are the Pauli matrices.
We use ε = 5.73 kHz, tn = 0.875 kHz, and tc = −0.131
kHz for fitting the two-band dispersion with the curves
obtained from the FEA results seen in Fig. 2. The effec-
tive Hamiltonian describes a Weyl point at the K point,
whose topological charge is given by C = sgn(vxvyvz),
where Dirac velocities vx = −3Ltn/2, vy = 3Ltn/2,
and vz = −3
√
3Ltc. Therefore, C = −1 in this case.
Similarly, by expanding the Hamiltonian at the H point
[kx = 4
√
3pi/(9L), ky = 0, kz = pi/P ], we verify that there
is another Weyl point with the topological charge of +1
located at the H point.
APPENDIX B: UNIT-CELL DISPERSION AND
MODE POLARIZATION
In this appendix, we show the modes that are degen-
erate at the Weyl points are an out-of-plane type with
a predominant z component. To this end, we define
a polarization factor Pz = |Uz|2/(|Ux|2 + |Uy|2 + |Uz|2)
to distinguish bands with different polarization compo-
nents, where Ux, Uy, and Uz are the x-, y-, and z- com-
ponents of the eigenvectors. Therefore, the out-of-plane
modes, with predominately Uz component, would have
the polarization factor close to a unity, while the po-
larization factors of the in-plane modes would approach
zero. We plot the bulk bands of the unit cell – colored
with the information about the polarization factors – on
the 2D reciprocal plane at various kz values in Fig. 6.
We can clearly see that the Weyl points are formed by
the degeneracy of the two bands containing out-of-plane
modes (in red).
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FIG. 6: [Color online] Dispersion diagram of the unit cell in
the kxky plane at (a) kz = 0, (b) kz = pi/(4P ), (c) kz =
pi/(2P ), (d) kz = 3pi/(4P ), and (e) kz = pi/P , respectively.
Colormap represents the polarization factor Pz. The grey area
in (b) represents a partial frequency band gap (noted as PBG)
while the grey zones in (c) and (d) refer to complete band gaps
(noted as CBG). The flat branches mainly represent the cases
when the interlayer beams are locally resonant.
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FIG. 7: [Color online] (a) Equi-frequency contour of the su-
percell with the zigzag type boundaries at f = 5.4 kHz (green)
and f = 5.5 kHz (blue). Red arrows show the normal vectors
of the dispersion curves. Solid and dashed lines represents the
mode in the forward and the opposite planes as indicated in
Fig. 4. The grey regions refers to the projections of the bulk
bands. (b) Similar results of the supercell with armchair type
boundaries.
APPENDIX C: EQUI-FREQUENCY CONTOUR
ANALYSIS
Equi-frequency contour on the the xz plane, as shown
in Fig. 4(c), can be obtained by calculating the band
structure of the supercell with the zigzag type bound-
ary. At f = 5.4 kHz, we vary kx from −4pi/(3
√
3L)
to 4pi/(3
√
3L) and kz from −pi/P to pi/P , to obtain
wavevector plots in green as shown in Fig. 7(a). Note
that we plot another equi-frequency plot at slightly
higher frequency (f = 5.5 kHz) in blue to get a sense
of the normal vector, i.e., the group velocity shown by
red arrows at kz = ±pi/2P . Similarly, result of the yz
plane, from the supercell with the armchair type bound-
ary, is shown in Fig. 7(b). This equi-frequency contour
confirms the collimation effect in the ky direction.
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